Abstract. Torsion of MWCNTs entails bumpy nanoscopic interwall phenomena, which gradually enhance the microscopic interwall coupling. This effect is likely to be confined at the ends of the suspended portions of the CNT, the structural changes required to link the outer wall to the inner ones being probably triggered by a complex interaction with the metal deposited onto the nanotube.
INTRODUCTION
Our modelling effort is motivated by results obtained by P.A. Williams et al. [1, 2] , presented at IWEPNM 2003 by S. Washburn [3] . These authors fabricated nanometer-scale mechanical devices ("paddle" oscillators) incorporating multiwalled carbon nanotubes as torsional spring elements (Fig. 1a) , and developed a method for measuring the torsional stiffness of the nanotubes (Fig. 1b) . Arc grown MWCNTs were dispersed onto Si wafers having 500 nm of oxide. Large metal pads were patterned by electron-beam lithography over the ends of each MWCNT, and a stripe of metal over its center to form the paddle. The metal was thermally evaporated, 15 nm of Cr followed by 100 nm of Au. The oxide was etched such that the paddles were completely undercut, but the larger pads pinning down the MWCNT ends were not. Measurements revealed a remarkable stiffening behaviour of MWCNTs: after nearly 500 repetitions of a twisting cycle of FIGURE 1. a) Paddle oscillator; b) Force-displacement traces on the substrate and on the paddle with three different eccentricities: photodiode signal (nA) vs. piezo-displacement (nm); the slope of the substrate trace yields the apparent overall stiffness of the AFM cantilever, equal to −41 pA/nm (from [3] ).
small amplitude (with estimated in-wall strains less than 0.01), the stiffness of an individual MWCNT saturated to a value 12 times larger than its initial value (see Fig. 2a ).
PRIMARY EXPERIMENTAL EVIDENCE
Measurements were performed [2] with an atomic force microscope (AFM) mounted inside the chamber of a scanning electron microscope. The AFM was used both to apply forces to paddles and to measure their displacement. All tested devices exhibited a sizeable increase in torsional stiffness, roughly correlated with the total number of previous twisting cycles. Torsional stiffness was measured with an estimated accuracy of ∼ 15%. Testing a two-paddle device, it was checked that MWCNTs twist uniformly along their length-at least in their initial conditions. The bending stiffness and the resonance frequency of the AFM cantilever were measured before and after each experimental run: no change was detected. In conclusion, the collected results are quantitatively consistent with the hypothesis that, while in the first twisting cycle only the outer wall is strained, successive cycles induce an increasing interwall coupling, until all the walls are strained and contribute to the overall torsional stiffness as if the nanotube were a solid rod. A noteworthy detail in Fig. 1b is the apparent correlation between torsion and noise: the steeper the force-displacement trace, the smoother; that is to say, less torsion, less noise. This fact suggests the hypothesis we advance in the abstract.
CONTINUUM MODELLING AND COMPUTATIONS
We assume that each wall behaves as a linearly elastic beam, interacting linearly with the neighbouring walls during each twisting cycle; and that, moreover, the interwall coupling evolves with cycles. We choose not to detail how the model parameters evolve within an individual cycle; consequently, we set up a discrete-time problem where, at any given axial location, each relevant field is interpreted as its total variation over a cycle (the total variation over a cycle of a quantity q is defined to be
a superposed dot denoting time differentiation). As to space dependence, we take all quantities to be real-valued even distributions (regular or singular) over the closed interval [−L, +L ], the coordinates 0 and ∓L labelling, respectively, the paddle and the anchored ends. For each cycle and each wall, the following equations prevail, all to be intended in the sense of distributions:
where ϑ is the rotation, T the twisting torque, and a prime denote differentiation with respect to the axis coordinate. The measures µ − , µ + represent the interwall torques exerted on the wall under consideration by the preceding and the following one, respectively. For the outer wall, µ − is the torque applied by the paddle and the anchors: three Dirac measures concentrated in 0 and ∓L, the first a control, the other two reactions to the constraint ϑ (∓L) = 0 ; for the inmost wall, µ + = 0 . The wall stiffness k = 2π G r 3 h is independent of cycles: r is the wall radius, h = 0.34 nm the wall "thickness", taken equal to the interwall distance, and G = 430 GPa the in-wall shear modulus [4] . For each cycle and each interwall, we assume:
where C is the interwall coupling, ρ the growth rate, and −, + signs refer to the immediately adjacent walls, respectively. The torque µ is defined as acted by the outward wall (−) on the inward wall (+); hence, the value prescribed by (4) enters the balance (2) for the outward wall as −µ + and the one for the inward wall as µ − . For simplicity, the growth rate ρ is assumed to be cycle-independent, and a space constant. Two different assignments for the initial interwall coupling C 0 will be introduced below.
The model above has been computed for a MWNT composed of 30 walls, with outer radius 16 nm, inner radius 6.1 nm, and suspended length L = 260 nm (these data presumably correspond to Paddle D in [3] ). For each cycle, the overall torsional stiffness is evaluated as κ = paddle torque / paddle rotation ; it ranges between 1.4 ·10 −14 Nm and 17·10 −14 Nm. The mean torsion of a wall is defined as Fig. 2a compares our main results with the experimental data in [3] ; the paddle stiffness corresponding to computed values of κ is evaluated using eq. (1) in [3] , where the overall bending stiffness of the AFM cantilever K c = 1.1 N/m and the eccentricity equals 650 (430) nm before (after) the 330th cycle. The crossed line corresponds to ρ = 0.04 and C 0 uniform over [−L, +L ], with line density 1 nN on all interwalls. The circled FIGURE 2. a) Progressive stiffening: paddle stiffness (pA/nm: photodiode signal intensity per unit piezo-dispacement) vs. number of cycles; the break in the experimental data [3] (squares) after about 330 cycles is due to a shift of the AFM tip, which is accounted for also by our calculations (circles and crosses), with obvious uncertainties; b) Relative mean torsion of individual walls (w.r.t. the outer wall) vs. number of cycles; only the evolution corresponding to the concentrated interwall coupling is shown.
line corresponds to ρ = 0.03 and C 0 a triple of Dirac measures (γ, 2γ, γ ) concentrated respectively in −L , 0 , +L on each interwall; the mass |γ | equals 1.66 ·10 −15 Nm on the outmost interwall and decays by a factor of 0.9 at each inward step. Both hypotheses fit the experimental data quite well, given the gaps and uncertainties in experimental data and the small number of adjustable parameters in our coarse model. Interestingly, we settled down for the simplest growth-law (5) after more complicate alternatives proved less effective to get a good fit with the data. In conclusion, our continuum model provides a mathematically precise description of the experimental evidence, thus enabling to test different constitutive assumptions. Our results, while not explaining why things go that way, do help extracting information out of available data and planning new experiments as well as more detailed and better focussed (atomistic, ab initio) simulations.
MORE (PUZZLING) EXPERIMENTAL EVIDENCE
Other experimentalists [5, 6] have manipulated MWCNTs very similar to the ones we referred to in previous sections, to fabricate nanoelectromechanical devices where an individual MWCNT, suitably engineered, provides a rotary bearing in which the sliding occurs between different walls. The interwall friction is extremely small and does not increase during operation: beyond doubt, the mechanism mimicked by (5) is not in action. Interestingly, the most effective technique for producing a nanorotor seems to be mounting a metal plate on a MWCNT as in Fig. 1a , and then breaking the outer wall off the anchors by a few twisting cycles of large amplitude [5] . This fact prompts the conjecture that the interaction between the CNT and the metal is crucial in determining both the fragile behaviour under a few large twists and the ratcheting effect under many small ones. To the best of our knowledge, this interaction is far from being understood.
